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n2 Ž . nLet     1 n2 be the volume of the unit ball in R . We determinen
the best possible constants a, b, A, B,  , and  such that the inequalities
anŽn1.  bnŽn1. ,n1 n n1
' 'n A  2    n B  2 ,Ž . Ž . Ž . Ž .n1 n
and
 21 1n      1 1nŽ . Ž .Ž .n n1 n1
are valid for all integers n 1. Our results refine and complement inequalities
proved by G. D. Anderson et al., K. H. Borgwardt, and D. A. Klain and G.-C. Rota.
 2000 Academic Press
1. INTRODUCTION
In the recent past, several authors presented interesting monotonicity
properties of the volume of the unit ball in Rn,
   n2 1 n2 n 0, 1, 2, . . . ,Ž . Ž .n
where  denotes Euler’s gamma function.
Ž  The sequence itself is not monotonic. It is shown in 6, p. 264 that n
. 1 n Ž .attains its maximum at n 5. But  n 1, 2, . . . is strictly decreas-n
1 n  ing with lim   0, as was proved in 1989 by Anderson et al. 5 . Inn n
  1Žn logŽn.. Ž .1997, Anderson and Qiu 4 showed that even  n 2, 3, . . . isn
strictly decreasing with lim 1Žn logŽn..  e12, and in the same yearn n
  Ž .Klain and Rota 13 established that n  n 1, 2, . . . is strictlyn n1
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 increasing. The monotonicity theorems given in 5, 13 lead to the inequali-
ties
nŽn1. n 1, 2, . . . 1.1Ž . Ž .n1 n
and
2    1 1n n 1, 2, . . . . 1.2Ž . Ž . Ž .n n1 n1
Since the gamma function is logarithmically convex we conclude that the
Ž .sequence  n 0, 1, . . . is logarithmically concave. Hence, we get then
Ž .following converse of 1.2 :
12   n 1, 2, . . . . 1.3Ž . Ž . Ž .n n1 n1
Remarkable upper and lower bounds for the ratio   weren1 n
 published by Borgwardt 7, p. 253 in 1987. He proved
' 'n 2    n 1  2 n 1, 2, . . . . 1.4Ž . Ž . Ž . Ž . Ž .n1 n
Ž . Ž .It is natural to look for refinements of inequalities 1.1  1.4 . More
precisely, we ask: what are the largest numbers a, A, and  and what are
the smallest numbers b, B, and  such that the double-inequalities
anŽn1.  bnŽn1. , 1.5Ž .n1 n n1
' 'n A  2    n B  2 , 1.6Ž . Ž . Ž . Ž . Ž .n1 n
and
 21 1n      1 1n 1.7Ž . Ž . Ž . Ž .n n1 n1
hold for all integers n 1? It is the aim of this paper to answer these
questions.
2. LEMMAS
Ž . Ž .In order to determine the best possible constants in 1.5  1.7 we need
some properties of the gamma function and its logarithmic derivative
 	.
LEMMA 1. For all x 0 we ha	e
'x 12 log x x log 2  log  x 2.1Ž . Ž . Ž .
and
1 8 x 3
log  x 1  log  x 12  log x . 2.2Ž . Ž . Ž .ž /2 8 4 x 1Ž .
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Moreo	er, we ha	e the asymptotic expansions
1 1'log  x  x 12 log x x log 2  OŽ . Ž . 3ž /12 x x
x  2.3Ž . Ž .
and
 x a a b a b 1 1Ž . Ž . Ž .
bax  1 O x  .Ž .2ž / x b 2 x xŽ .
2.4Ž .
Ž .   Ž .  A proof for 2.1 is given in 2 , whereas 2.2 is established in 10 for
Ž .non-negative integers x. It is easy to check that the given proof for 2.2
Žwhich is based upon Euler’s continued fraction expansion for the ratio of
.  beta functions remains valid if x 0 is a real number. See also 19 .
Ž . Ž . Proofs for the asymptotic expansions 2.3 and 2.4 can be found in 18,
  p. 378; 11 . See also 1, p. 257 .
LEMMA 2. Let x 0. Then we ha	e
 x  log x 1 2 x 2.5Ž . Ž . Ž .
and
2 x 1
  x 12   x . 2.6Ž . Ž . Ž .
x 4 x 1Ž .
Further, we ha	e the integral representations

t x te  e
 x C dt C Euler ’s constant , 2.7Ž . Ž . Ž .H t1 e0

ntn1Žn. x t x  1 e dt n 1, 2, . . . , 2.8Ž . Ž . Ž . Ž .H t1 e0
and the asymptotic formula
1 1
 x  log x  O x  . 2.9Ž . Ž . Ž . Ž .2ž /2 x x
Ž . Ž .  Proofs for 2.5 and 2.6 are given in 2, 3, 14 . The integral representa-
Ž .   Ž . Ž .tion 2.7 is proved in 18, p. 376 , and 2.8 follows from 2.7 by differenti-
Ž .  ation. A proof for the asymptotic formula 2.9 can be found in 18, p. 377 .
 See also 1, pp. 259, 260 .
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3. MAIN RESULTS
We are now in a position to establish our main results. The first
Ž .theorem sharpens and complements inequality 1.1 .
THEOREM 1. For all integers n 1 we ha	e
anŽn1.  bnŽn1. 3.1Ž .n1 n n1
with the best possible constants
' 'a 2   1.12837 . . . and b e  1.64872 . . . . 3.2Ž .
Proof. First, we show that the sequence
n
x  log   log  n 1, 2, . . .Ž .n n n1n 1
is strictly increasing. We define for positive real numbers x
x
f x  log  x 32  log  x 1 .Ž . Ž . Ž .
x 12
Differentiation yields
22 x 12 f 	 x  log  x 32  x 2 x 1  x 32Ž . Ž . Ž . Ž . Ž .
2 2 x 12  x 1 . 3.3Ž . Ž . Ž .
Next, we define for y 12
2g y  log  y  2 y 3 y 1  y  2 y 1  y 12 .Ž . Ž . Ž . Ž . Ž . Ž . Ž .
3.4Ž .
Ž . Ž . Ž .Applying 2.1 , 2.5 , and 2.6 we get for y 1
'g y  y 12 log y y log 2  2 y 3 y 1  yŽ . Ž . Ž . Ž . Ž .
2 y2 2 y 1   yŽ . Ž .
4 y 1 y 12Ž . Ž .
' y 12 log y y log 2  y 1  yŽ . Ž . Ž .
24 y y 1Ž .

4 y 1 y 12Ž . Ž .
' y 12 log y y log 2  y 1 log y 1 2 yŽ . Ž . Ž .
24 y y 1Ž .

4 y 1 y 12Ž . Ž .
1 1 10 y3  3 y2  3 y 12
 log y log 2  1  . 3.5Ž . Ž .
2 2 y 4 y 1 2 y 1Ž . Ž .
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A simple calculation reveals for y 2
10 y3  3 y2  3 y 12 3
 . 3.6Ž .
y 4 y 1 2 y 1 2Ž . Ž .
Ž . Ž .From 3.5 and 3.6 we obtain for y 2
1 1 3 1
g y  log y log 2  1   log 4  2  0.26 . . . .Ž . Ž . Ž .
2 2 2 2
3.7Ž .
Ž . Ž . Ž .Thus, we conclude from 3.3 , 3.4 , and 3.7 that
22 x 12 f 	 x  g x 32  0 for x 12.Ž . Ž . Ž .
Ž . Ž .This implies that the sequence x  f n2 n 1, 2, . . . is strictlyn
increasing.
Ž .The asymptotic expansion 2.3 yields for n 
n n 2 n 1 1Ž .
x  log n 3  log n 2 OŽ . Ž .n ž /2 n 1 2 nŽ .
n 1 n 3 1 1
 log  log n 3 O .Ž . ž /2 n 2 2 n 1 nŽ .
This implies
lim x  12.n
n
Hence, we have for all n 1
' 'x  log 2   x  log e ,Ž .1 n
Ž . Ž .which leads to 3.1 with the best possible constants given in 3.2 .
Ž .Our second theorem improves the bounds given in 1.4 .
THEOREM 2. For all integers n 1 we ha	e
' 'n A  2    n B  2 3.8Ž . Ž . Ž . Ž . Ž .n1 n
with the best possible constants
A 12 and B 2 1 0.57079 . . . .
Ž .Proof. Double-inequality 3.8 is equivalent to
A 2 p n2  B , 3.9Ž . Ž .
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where
2p x   x 1  x 12  x . 3.10Ž . Ž . Ž . Ž .
In the first part of the proof we establish that p is strictly decreasing on
 . Ž . Ž . Ž .0, . Let x 0 and let L r, s  r s  log r log s be the logarith-
 Ž . Ž .2 Ž . Ž .mic mean of r 2  x 1  x 12  x 1   x 12 and
Ž . Ž .s 1. From 2.8 with n 1 we conclude that  is strictly increasing on
Ž . Ž .0, , which implies that r 0, so that L r, s is well defined. Differentia-
tion gives
p	 xŽ .
 2 log  x 1  2 log  x 12Ž . Ž .
L r , sŽ .
log  x 1   x 12  log 2 q x , say.Ž . Ž . Ž .
3.11Ž .
Ž . Ž .Applying the integral formulas 2.7 and 2.8 we get
 x 1   x 12 q	 xŽ . Ž . Ž .
2  	 x 1   	 x 12  2  x 1   x 12Ž . Ž . Ž . Ž .
2
 
x t x t e t
 t dt 2 e 
 t dt , 3.12Ž . Ž . Ž .H Hž /0 0
where
1t2
 t  e  1 .Ž . Ž .
Using the convolution theorem for Laplace transforms we obtain from
Ž .3.12
 x 1   x 12 q	 xŽ . Ž . Ž .
  tx t x t e t
 t dt 2 e 
 s 
 t s ds dtŽ . Ž . Ž .H H H
0 0 0

x t e  t dt , 3.13Ž . Ž .H
0
where
t
 t  2
 s 
 t s  
 t ds. 3.14Ž . Ž . Ž . Ž . Ž .H
0
VOLUME OF THE UNIT BALL IN Rn 359
Let 0 s t; since
2
 s 
 t s  
 tŽ . Ž . Ž .
1 1 1Ž ts.2 s2 Ž ts.2 s2 t2          e  1 e  1 e  1 e  1 e  1
 0,
Ž . Ž .we conclude from 3.13 and 3.14 that
q	 x  0 for x 0. 3.15Ž . Ž .
We have the representation
2
 z 1Ž . 12exp q z  2 z z  z 1   z 12 .Ž . Ž . Ž .Ž .
 z 12Ž .
3.16Ž .
Ž . Ž .From 2.4 and 2.9 we get
 z 1Ž . 12lim z  1 and
 z 12z Ž . 3.17Ž .
lim z  z 1   z 12  12,Ž . Ž .
z
Ž . Ž .so that 3.15  3.17 yield
q x  lim q z  0 x 0 . 3.18Ž . Ž . Ž . Ž .
z
Ž . Ž .  .Hence, 3.11 and 3.18 imply that p is strictly decreasing on 0, .
Therefore, we obtain
2 lim p n2  2 p n2  2 p 12  2 1 n 1, 2, . . . .Ž . Ž . Ž . Ž .
n
Ž .Using the asymptotic formula 2.4 we conclude from
 x 1  x 1Ž . Ž .12 12p x  x x  1 x  1Ž .
 x 12  x 12Ž . Ž .
that
lim p x  14.Ž .
x
Ž .Thus, we get 3.9 with A 12 and B 2 1.
Ž . Ž .Next, we refine the inequalities 1.2 and 1.3 .
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THEOREM 3. For all integers n 1 we ha	e
 21 1n      1 1n 3.19Ž . Ž . Ž . Ž .n n1 n1
with the best possible constants
 2 log  log 2 0.34850 . . . and  12. 3.20Ž . Ž .
Proof. We set
 z  2 log   log   log  log 1 1n n 1, 2, . . . .Ž . Ž .n n n1 n1
Ž .Then 3.19 is equivalent to
 z   n 1, 2, . . . .Ž .n
Ž . Ž . Ž .Applying the recurrence formula  x 1  x x x 0 we obtain the
representation
z  u n2 n 1, 2, . . . ,Ž . Ž .n
where the function u is given by
u x  2 log  x 12  log  x 1Ž . Ž . Ž .Ž .
log x 12 log 1 1 2 x .Ž . Ž .Ž .
Ž . Ž .We prove that u is strictly increasing on 0, with lim u x  12.x
This implies
2 log  log 2 z  z  12 n 1, 2, . . . ,Ž . Ž .1 n
Ž . Ž .which leads to 3.19 with the best possible constants given in 3.20 .
Differentiation yields
2x log 1 1 2 x u	 xŽ . Ž .Ž .
 2 x log 1 1 2 x  x 12   x  log 1 1 2 xŽ . Ž . Ž . Ž .Ž . Ž .
1 1
 log x log  x 12  log  x 1 .Ž . Ž .
2 x 1 x 12
Ž . Ž .Using 2.2 and 2.6 we obtain for x 0
1 12x log 1 1 2 x u	 x  log 1Ž . Ž .Ž . ž /4 x 1 2 x
1 8 x 3
 log 1ž /2 x 1 8 x 4 x 1Ž .
	 x , say. 3.21Ž . Ž .
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Ž Ž ..We set x 1 2 y 1 with y 1. Then we have
21 y 1 y 3 y  2 y 3
	 x 	  log y logŽ . ž /2 y 1 y y 1 4 y 1Ž . Ž .
y 1
 w y , say. 3.22Ž . Ž .
y
Differentiation leads to
4 y2  1Ž .2y 1 w	 y  log y .Ž . Ž . 23 y  2 y 3
Since
2 2y 1 9 y  22 y 9Ž . Ž .2y 1 w	 y 	  0,Ž . Ž .Ž . 22y 3 y  2 y 3Ž .
we conclude that
2y 1 w	 y  4w	 1  0 y 1 .Ž . Ž . Ž . Ž .
Hence, we get
w y  w 1  0 y 1 ,Ž . Ž . Ž .
Ž .so that 3.22 implies
	 x  0 for x 0.Ž .
Ž . Ž .From 3.21 we conclude that u is strictly increasing on 0, . It remains to
show that
lim u x  12. 3.23Ž . Ž .
x
Ž .Using the asymptotic expansion 2.3 we obtain for x 
u x  2 x 1 log 1 1 2 x 1Ž . Ž . Ž .Ž .Ž .
21O 1x log 1 1 2 x .Ž .Ž .Ž .
Since
2 x 1 log 1 1 2 x 1  1 1Ž . Ž .Ž .Ž .
lim 
log 1 1 2 x 2x Ž .Ž .
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and
1
lim  0,2x log 1 1 2 xx Ž .Ž .
Ž .we get the limit relation 3.23 . This completes the proof of Theorem 3.
Ž .Remarks. 1 Let
2Q a, b   a  b   a b 2 .Ž . Ž . Ž . Ž .Ž .Ž .
2 Ž . ŽŽ . Ž . . Ž .Then we have     Q n 1 2, n 3 2 , so that 3.19n n1 n1
provides upper and lower bounds for Q. Inequalities for the ratio Q are
known in the literature as Gurland-type inequalities. We refer to 17,
p. 287 and the references therein.
Ž .2 Further inequalities for the gamma function can be found in the
   recent publications 9, 15, 16 . It is shown in 8, 12 that gamma function
inequalities have interesting applications in the theory of 01 matrices and
in graph theory.
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